ABSTRACT. This paper presents new analytical model of asymmetric mixed-mode bending (MMB) specimen of adhesively bonded pultruded GFRP joints. An easily applicable relationship for the calculation of the strain energy release rate of the asymmetric MMB specimens is proposed based on the beam theory. The model is capable to analyze stacking sequence as well as various crack propagation paths. In the paper the effect of the various fiber bridging length and different crack propagation paths is analyzed analytically and supported by experimental results. The methodology and results presented in this paper could be utilized for the design of both joint geometry and lay-up of the laminates constituting the joint or for the prediction of the fracture behavior of such structures.
INTRODUCTION
iber reinforced polymers are modern kind of materials that benefit from their high stiffness vs. weight ratio. Composite materials are being widely used for aeronautical and space applications for decades. Despite theirs higher initial price these materials can be used also in the civil engineering applications. Material of fibers strongly influences the overall strength of the fiber reinforced polymer materials. Glass or aramid fibers are usually used for the civil applications [1] whereas carbon fibers are used mostly for aerospace and automotive applications [2] . Connection of composite laminates is typically performed by adhesive joint. The strength of the adhesive should be higher than interlaminar strength of the laminate. Therefore, the failure should occur between layers of the laminate rather than in the adhesive layer. Unlike the mechanical engineering applications where the adhesive layer thickness is far below F 1 mm in the civil engineering application the adhesive layer thickness can reach up to a few centimeters. This nonnegligible adhesive thickness behaves like additional layer in the adhesive joint and should be taken into account when designing the joint against failure. The main failure mode of the composite materials is delamination of the layers under bending or tension loading and buckling under compression loading [3] . If the crack propagates in the material interface of different materials the crack tip stress field is inherently under mixed-mode behavior [4] . This in fact brings some difficulties for the fracture mechanics analysis of the fiber reinforced polymer materials. The delamination behavior of adhesively bonded GFRP joints is usually studied by variety of specimens -DoubleCantilever-Beam (DCB) specimen for pure mode I, End-Loaded-Split (ELS) or End Notched-Flexure (ENF) specimen for pure mode II and Mixed-Mode Bending (MMB) for mixed modes tests. Nowadays, the MMB test is one of the standardized test method for evaluation of the interlaminar fracture toughness of unidirectional fiber reinforced polymer matrix composites [5] . The concept of the strain energy release rate (SERR) is commonly used for the fracture mechanics description of the failure behavior of adhesively bonded GFRP laminates [6, 7] . There exist various expressions for the calculation of the total strain energy release rate for the symmetric MMB specimens but mostly valid only for symmetrical specimens [8] . The asymmetrical specimens are, however, often accompanied by relatively thick adhesive layer or asymmetry of the stacking sequence either in the laminate or in the adhesive joint and therefore there is a need for the development of the new procedures for the calculation of the strain energy release rate components. Another way is to describe the delamination behavior using the complex stress intensity factor introduced in [4, 9] . In this work the concept of the strain energy release rate as a fracture parameter is utilized. For the accurate description of the crack behavior in asymmetric joints it is necessary to decompose the mode components and explicitly estimate their contribution to the total fracture energy [10] [11] [12] . Various procedures exist in the literature for the mode separation. Most of them are based on the differences between moments [6] , displacements [13] or bending stiffnesses [14] of the two arms of the joint. However, the differences between moments or displacements are applicable only for symmetric specimens. The mode separation based on the difference in bending stiffness of the two arms is applicable for the asymmetric specimens, nevertheless, the bending stiffnesses are usually measured on the cracked specimen and it is therefore difficult to predict the behavior of the joint before the test. This paper presents new easily applicable relationship for the calculation of the strain energy release rate of the asymmetric MMB specimens that is proposed based on the beam theory and its ability is validated through comparison with experimental results.
MATERIALS DESRIPTION OF THE MMB SPECIMEN
he pultruded GFRP laminates, supplied by Fiberline A/S, Denmark, consisted of E-glass fibers and isophthalic polyester resin. The laminates with 6 mm in thickness consisted of a thin polyester veil in the outer surfaces, two combined mat layers on each side and a roving layer in the middle. Each mat layer comprised of 0/90 woven fabric stitched to a chopped strand material. The fiber architecture of the laminate is schematically shown in Fig. 1 . Based on burn-off test, according to ASTM D3171-11 [15] and fiber density of 2560 kg/m3, the fiber content was 43.3 vol. %. A two-component epoxy adhesive system Sikadur 330, Sika AG, Switzerland, was used for the bonding of the GFRP laminates. The polyester resin (matrix) as well as glass fibers exhibit linear elastic behavior in tension up to brittle fracture [16] , therefore, allowing the use linear elastic fracture mechanics for the analysis of the results. All the layers of the laminates were modeled according to the thicknesses estimated by the optical microscopy photos. The material properties and thicknesses of all layers of the laminate as well as the adhesive are listed in the Tab. 1. One of the failure mechanisms of the adhesively bonded GFRP pultruded laminates is the delamination cracking. The delamination usually occurs between 1 st and 2 nd combined mat. For the purpose of this paper four crack propagation paths are distinguished for the used laminate:
Path 0 crack propagation in the middle of adhesive layer Path I crack propagation between adhesive and 1 st combined mat layer Path II crack propagation between 1 st combined mat and 2 nd combined mat layer Path III crack propagation between 2 nd combined mat layer and roving layer. Path 0 represent symmetrical MMB specimen whereas Path I, II and III represent increasing level of asymmetry. 
ANALYTICAL MODEL OF MMB TEST
here exists analytical expression for the calculation of the total strain energy release rate of the symmetrical MMB specimen derived by Reeder and Crews in [18, 19] in the following form:
This model has been successfully applied for the adhesively bonded laminate joins where the thickness of the adhesive layer was negligibly thin. However, for the structural applications the adhesive layer varies from millimeters to centimeters and therefore the adhesive layer induces asymmetric geometrical configuration and therefore the analytical model for asymmetrical MMB specimen has to be developed. Even though the Eq. (1) does not take the nonlinear effects (such as rotations of the arms or shear effects) into account it can serve as the reference equation for comparison with the proposed model derived later in this chapter. To derive the total strain energy release rate for the asymmetric MMB specimen following relation can be used [20] :
where P is the loading force, a is the crack length and C is the compliance of the specimen (C = /P, where  is the displacement of the lever below the applied force P). The displacement of the lever  can be calculated using Castigliano's theorem as follows:
where W is total strain energy. To calculate the strain energy Maxwell-Mohr variant of Castigliano's theorem can be used in general form:
where M o is bending moment in the segment, E I is bending stiffness of the segment. The MMB specimen can be virtually divided into three segments, see Fig. 3 . Each of these three segments has specific bending stiffness that corresponds to the stacking sequence of the segment. For the MMB specimen the strain energy stored in the system can be calculated as follows. where E 1,2,3 are bending moduli of each segment calculated by classical laminate theory, P u and P d are components of the loading force P, see Fig. 4 , that can be calculated from equations [21] :
where c, cg, L are dimensions shown in Fig. 2 , Pg is gravity force induced by weight of the loading lever. The displacement of the loading lever below the force P is then:
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where EiIi (i = 1,2,3) are bending stiffnesses of the i-th segment of the MMB specimen. As soon as the displacement of the lever below the force P is known it is possible to calculate the compliance of the MMB specimen using following relation:
Finally, the total strain energy release rate can be calculated using Eq. (2) (10) It can be proved that the Eq. (9) is equivalent to Eq. (1) for symmetric MMB specimen (when E 1 = E 2 = E 3 , I 1 = I 2 = I 3 /8 and gravity force from lever weight P g is neglected. Therefore, the Eq. (9) is the generalized expression of Eq. (1) for the asymmetric MMB specimens. The MMB specimens with geometrical and material properties described in Tab. 2, loaded by constant force P = 500 N were used to compare the Eq. (10) and Eq. (1). Fig. 5 presents ratios between Eq. (10) and Eq. (1) Fig. 5a contains ratio of total strain energy release rate calculated by Eq. (10) and by Eq. (1) for symmetrical specimen. It is clearly visible that when the weight of the lever is neglected (P g = 0 N) the Eq. (10) and Eq. (1) are identical. For the present MMB configuration the calculated total strain energy release rate increases at about 9% when the weight of the lever is taken into account. The Eq. (1) contains term E11 that is bending modulus in the longitudinal direction. However, the bending modulus of the laminate is different from the bending modulus of the laminate joint. If this change of the modulus and weight of the lever is taken into account the total strain energy release rate increase at about 16% in comparison with Eq. (1). Fig. 5b shows comparison of total strain energy release rate calculated by Eq. (10) and by Eq. (1) for asymmetrical specimens where weight of the loading lever is taken into account. Here, the asymmetry of the specimen is expressed by crack propagation path where Path I is closest to the plane of symmetry (in a distance of 1 mm). The calculated total strain energy release rates for Path I and Path II are almost the same as for the symmetrical specimen with various bending moduli shown in Fig. 5a . The farther is the crack from the symmetrical plane the higher the strain energy release rate is as document the strain energy release rate for the crack propagating in Path III. Based on the derivation described above and successfully compared with available relation derived by Reeder and Crews it is possible to consider the Eq. (10) suitable for the calculation of the total strain energy release rate of the adhesively bonded mixed-mode bending test with asymmetric configuration. 
FRACTURE CRITERION
he fracture criterion for the crack initiation and crack propagation can be found in the literature [21] . The critical values of the strain energy release rate for the crack initiation and propagation in various crack propagation paths are shown in Tab. 3. More information about the experimental measurement of the fracture criterion can be found in [14] 
RESULTS
he proposed analytical model of the asymmetric MMB test is analyzed in this section. Fracture behavior obtained using the proposed model is compared with experimental data recently obtained by authors and well documented in the literature [14, 21] .
Effect of fiber bridging length
At first the sensitivity analysis of the fiber bridging length was performed. The total strain energy release rate for crack initiation and crack propagation was kept constant but the fiber bridging length LF was changed in order to study its effect on the load vs. crack length (P-a) diagram. The shape of the fracture criterion used for this analysis is shown in Fig. 6 . Based on the analytical procedure described above it is possible to predict the load vs. crack length diagram assuming that the crack will propagate if the condition Gtot(a)=Gcrit(a), where Gtot(a) is the calculated value of the total strain energy release rate and Gcrit(a) is the critical value of the total strain energy release rate that can be measured experimentally, Tab. 3. Example of such prediction is shown in Fig. 7 where experimentally measured and analytically predicted P-a diagrams are plotted when considering fracture in Path II. By inspecting the Fig. 7 it is possible to conclude that the analytical model is capable to predict the P-a diagram of the MMB test with sufficient accuracy. The fiber bridging length seems to have strong effect on the maximum loading force, however, it has to be mentioned that in reality the critical SERR for the crack propagation Gprop depends on the fiber bridging length. Generally, the Gprop = Gini when LF = 0 and Gprop increases when LF increases. Therefore, if the values of G ini and G prop are known the fiber bridging length can be obtained indirectly using this analytical model in comparison with T T experimental results. For the studied specimen MMB 02 the fiber bridging length is approx. 35 mm which well corresponds to the experimental observation. 
Crack propagation path
The fracture of the laminate is often accompanied with delamination in the neighboring layers and interfaces between the layers. This phenomenon is shown in Fig. 8 where photograph of the MMB specimen after test is complemented by the crack propagation path description. The propagation of the crack in various paths brings another complication for the reliable prediction of the P-a diagram.
For the comprehensive prediction of the P-a diagram the crack propagation in multiple paths should be captured. One of the possibilities is to plot P-a diagram for all crack propagation paths and therefore to show bounds in which the P-a diagram of the real structure will fall. The preview of such P-a diagram is shown in Fig. 9 where fiber bridging length of 20 mm is considered. These values are highlighted in Tab. 3. It can be seen that that the upper bound prediction for path II well fits with experimental results for crack lengths longer than 80 mm whereas lower bound prediction for path I is valid for crack lengths between 50 -100 mm. For longer cracks the lower bound prediction for path III is nearest to the lowest experimental results obtained in the MMB test. Similar behavior was found also for other groups of specimens.
Mixed-mode fracture criterion
The predictions described in the previous section were based on the total strain energy release rate fracture criterion. The critical strain energy release rate was experimentally measured for every single specimen and served as the input data for the predictions. However, the fracture criterion based on the total strain energy release rate does not consider the mixedmode nature on the crack tip and it is therefore limited to adhesively bonded joints where the crack tip mode-mixity is the same as the experimentally tested MMB specimen. To obtain more general fracture criterion it is important to perform number of mixed-mode delamination tests and experimentally obtain the mixed-mode fracture criterion. Such fracture criterion can be generally written in the following form:
where G I_crit , G II_crit are critical strain energy release rates for pure mode I and pure mode II. The criterion can have various shapes e.g. linear, semi-linear, elliptical, polynomial etc. Preview of the fracture criterion for crack propagation in path II is shown in Fig. 11 . Similarly to the fracture criterion shown in Fig. 11 , fracture criteria for crack initiation and crack propagation in various crack propagation paths can be experimentally found. These mixed-mode fracture criteria are necessary for the prediction of P-a diagram using the present analytical model. For the purpose of this paper the exponential power law fracture criterion from [14] was used for the prediction of P-a diagram for various MMB configurations. The components of strain energy release rate in the fracture criterion were calculated using extended global method that was developed for the asymmetrical mixed-mode specimens [21] . The comparison of the experimental data points and predicted fracture response for the crack propagating exclusively in Path II using mixed-mode fracture criterion is shown in Fig. 12 . Figure 11 : Experimentally obtained fracture criterion based on the mixed-mode delamination tests [14] . to MMB-05 from [14] with predicted behavior using mixedmode fracture criterion (c = 227 mm, c g = 54 mm).
The predicted load vs. crack length diagram using mixed-mode fracture criterion is in both qualitative and quantitative agreement with experimentally obtained data. The scatter in experimental results is far greater than difference between polynomial fit of the experimental data and predicted behavior. Utilizing the proposed analytical model of asymmetrical mixed-mode bending test together with the mixed-mode fracture criterion opens possibility for optimization of the laminate lay-up, reduction of the specimen size as well as for the design of adhesively bonded joints of more than two laminates. The only requirement is that the stacking sequence of the laminate remains the same in the vicinity of the crack propagation path otherwise new mixed-mode fracture criterion has to be experimentally obtained.
CONCLUSIONS
his paper is focused on the problematic of the mixed-mode bending test of adhesively bonded fiber reinforced polymer composites with special emphasize on the mixed-mode bending test. A new analytical model for the calculation of the total strain energy release rate is derived and compared with well established relation of Reeder and Crews. On the practical example it is shown that for symmetrical MMB specimens the proposed relation gives equivalent values and it is therefore more generalized and possibly applicable for asymmetric specimens. In the second part of the paper the proposed analytical model is used for the prediction of the load vs. crack length diagram of the MMB test of the real specimens. It is shown that the proposed model can predict the fracture behavior in various layers and therefore to describe the fracture behavior in more details. The methodology and results presented in this paper could be utilized for the design of both joint geometry and lay-up of the laminates constituting the joint or for the prediction of the fracture behavior of such structures.
